In this paper, we investigate two numerical methods for pricing Asian options: Laplace transform inversion and Monte Carlo simulation. In attempting to numerically invert the Laplace transform of the Asian call option that has been derived previously in the literature, we point out some of the potential difficulties inherent in this approach. We investigate the effectiveness of two easy-to-implement algorithms, which not only provide a cross-check for accuracy, but also demonstrate superior precision to two alternatives proposed in the literature for the Asian pricing problem. We then extend the theory of Laplace transforms for this problem by deriving the double Laplace transform of the continuous arithmetic Asian option in both its strike and maturity.
The goal of this paper is to compare and contrast the effectiveness of Monte Carlo simulation with numerical inversion methodologies in the valuation of Asian options.
Asian options pay the excess over strike of the average of the asset price over an interval of time. If the average is computed using a finite sample of asset price observations taken at a set of regularly spaced time points we have a discrete Asian option, as opposed to a continuous Asian option that is obtained by computing the average via the integral of the price path over an interval of time. In addition, the average itself can be either arithmetic (summed) or geometric (product). Since the geometric Asian is analytically tractable in closed form (cf. Kemna and Vorst 1990 and Vorst 1996) , the primary focus of our work here is valuation of the continuous arithmetic Asian option, whose value at time t ≤ T is defined by
where S(t) denotes the stock price at time t, T is the expiration date, and K is the strike price.
Although arithmetic Asian options cannot be priced in closed form, Geman and Yor (1993) derived an analytical expression for the Laplace transform in maturity for the continuous call option case when the asset price follows geometric Brownian motion, and numerical inversion of this transform was considered briefly in Geman and Eydeland (1995) . For the discrete time case, no similar analytical results exist, although various approximations have been proposed, such as the one by Turnbull and Wakeman (1991) based on moment approximations; see also Curran (1992) . In the absence of closed-form results, researchers in the past have employed Monte Carlo simulation methods (see Broadie and Glasserman 1996 , Kemna and Vorst 1990 , and Boyle 1977 . Due to their dependence on the entire path of the underlying asset, Asian options appear to be particularly suited for Monte Carlo simulation.
Since both numerical inversion and Monte Carlo methods can be applied, valuation of continuous Asian options provides a good example on which to investigate, compare, and contrast the various issues that arise in their practical implementation.
Monte Carlo methods can be computationally expensive without the enhancement of variance reduction techniques, and in the case of pricing the continuous Asian, one must also account for the inherent discretization bias resulting from the approximation of continuous time processes through discrete sampling (see also Broadie et al. 1999 ). On the other hand, numerical inversion is subject to errors introduced by approximation techniques embedded in numerical integration routines employed, and can encounter instabilities for certain parameter values.
Numerically inverting the Geman and Yor (1993) Laplace transform is a non-trivial problem, as it involves the transform parameter in the index of a Bessel function, or as an argument of a Gamma function. As we shall see, naïve implementation may even lead to reasonable looking results that are grossly inaccurate. We employ inversion algorithms proposed by Abate and Whitt (1995) based on the Euler and Post-Widder methods and compare our results with those of Geman and Eydeland (1995) and Shaw (1998) . We investigate the sources of problems for numerical inversion of the transform. As a possible alternative possibility for numerical inversion, we also derive a double Laplace transform of the Asian call option price in maturity and strike and the relationship in general of this transform to the transform of the density of the underlying asset price process.
In applying simulation to the Asian option valuation problem, the choice and use of control variates plays a large role in obtaining accurate estimates, and past research has concluded that the geometric Asian call option price serves as a very effective control variate (Kemna and Vorst 1990 ). The other concern for the continuous Asian problem is the bias introduced by using a sum to approximate an integral. To address both of these issues simultaneously, we consider using the continuous geometric Asian option as a control variate. Since the simulation actually estimates the price of a discrete geometric Asian option, subtracting the value of a continuous geometric Asian option price leads to a biased control variate. Computational experiments indicate that the two discretization biases roughly cancel out. For comparison, we also apply Richardson extrapolation to the continuous Asian option pricing problem when the unbiased control variate is used. We then investigate the idea of using biased control variates further, by considering estimation of the geometric Asian call option itself, where closed-form analytical results can be used to evaluate the effectiveness more accurately.
In sum, our computational experiments lead to the following general findings. Inversion of the Laplace transform via numerical integration can lead to numerical problems for low volatilities and short maturities. These problems appear to be independent of the technique used for the inversion, being a result of the slowly decaying oscillatory nature of the integrand for such parameter values, although the point at which each integration routine beings to degenerate may differ. Among the numerical inversion techniques considered, the Euler method provides a high degree of accuracy for a rea- to investigate the sensitivity and convergence of the algorithms with respect to various user-specified parameters, and to compare the two inversion algorithms with inversion results in Geman and Eydeland (1995) and Shaw (1998) . Experiments investigating the accuracy of Monte Carlo simulation estimates are provided in Section 2, the focus being on the discretization bias and the use of control variates to increase the efficiency of the technique. The idea of using a biased control variate is investigated further numerically in Section 3, using the analytically tractable geometric Asian option. Section 4 derives the double Laplace transform of the Asian call option price, and Section 5 concludes.
Inverting the Geman and Yor (1993) Call Option Price Laplace Transform in Maturity
Geman and Yor (1993) derived the Laplace transform in maturity of the continuous Asian call option price, i.e., they showed that (1) may be expressed as
where
is the average to time t, and the Laplace transform of C (ν) (·, q) in the first parameter is given bŷ
However, naïve attempts at inverting this transform using commercially available software will lead to erroneous results such as those we obtained in applying the Laplace transform inversion routine found in Mathematica 2.0 and also in using an IMSL subroutine. Using Mathematica 3.0, however, Shaw (1998) ) ,
we define the partial sums,
and approximate f(y) by the sum,
Implementation of the Euler algorithm involves the selection of three parameters: m, n, A, where increasing the values of the former two increases the accuracy of the algorithm. Shortly, we will investigate empirically the effect of these parameters on the convergence to the correct option value, but in general, the values recommended by Abate and Whitt (1995) of m = 11, n = 15, and A = 18.4 consistently provide accuracy to at least three significant digits.
The Post-Widder (PW) method is based on the Post-Widder theorem. The function f(y) is approximated in the algorithm by:
which involves the two parameters n and R. However, the convergence is quite slow, so in order to enhance the accuracy and expedite the convergence, the following linear combination of the terms f n is adopted in Abate and Whitt (1995) :
. The algorithm consists of using f j,m , which as defined in (5) To investigate the accuracy and implementation of the two inversion algorithms for the Geman and Yor (1993) Laplace transform given by (2) and (3), we conducted a series of numerical experiments. Table 1 gives the results of the first set of experiments, using the recommended parameter settings of Abate and Whitt (1995) . In all cases, we have taken a(0) = 0, i.e., we calculate the prices at the beginning of the averaging period. The values are increasing in maturity and decreasing in the strike price as expected. Slowly converging numerical integration led to difficulties in the inversion for maturities below 0.25. We will return to analyze this difficulty in more depth shortly. The computational times for the inversions were between 19 and 53 CPU seconds for the Euler algorithm and between 440 to 640 CPU seconds for the PW algorithm, using Mathematica 2.0 on a Sun Sparc 10 workstation. These times are meant to be used primarily as a relative guide to the computational burden of the two algorithms, where it is clear that the PW algorithm requires at least an order of magnitude more computational time.
Except for the lengthiest maturity case, it is clear that the results differ in the second decimal place. Further investigation will in fact reveal that it is the PW algorithm that requires further refinement, i.e., an adjustment of the algorithm parameters.
We next conducted a series of numerical experiments in which the user-specified parameters were varied: A, m, n in the Euler algorithm, and E, j, m in the PW algorithm. This would serve two purposes: (i) to get an idea of the convergence rate of the algorithms as a function of the parameters, and (ii) to determine which algorithm was in fact giving the more accurate result at the recommended settings. Tables 2 and   3 present the results, from which it appears that the recommended settings of Abate and Whitt (1995) generally provide at least three decimal places of accuracy for the Euler algorithm with rapid convergence. Given that it is also the much more computationally efficient of the two algorithms, it is clearly the recommended one, with the usefulness of the PW algorithm as a cross-check, especially on the more numerically difficult cases, as we shall soon demonstrate.
The next experiments were used to compare the two inversion algorithms with other numerical algorithms in the literature, using the cases from Geman and Eydeland (1995). and 100 daily readings (with standard errors based on 10,000 replications given in parentheses). We observe from these calculations that for these 6 cases, the Euler and PW inversions -using the recommended parameter values -are in agreement to 3 decimal places in all cases except the fourth case. This case has the lowest values of σ 2 T , which give some indication of the difficulty of inversion, as the integral diverges as this quantity goes to zero. In fact, it leads to huge errors (an order of magnitude off) for the Shaw (1998) implementation, and a nearly 4% error for the Geman and
Eydeland approximation. The second most difficult case (the fifth one) also leads to a similar degree of error for the latter case. Investigating further the fourth case, we note that to five decimal places, the values obtained using the recommended parameter settings for the Euler and PW algorithms were 0.05599 and 0.06237, respectively.
Increasing the Euler parameters a bit and the PW parameters substantially leads to agreement to six decimal places at 0.055989, indicating that the Euler algorithm value at the recommended settings was accurate to at least five decimal places for even this difficult case.
To understand further the numerical instabilities arising from lower volatilities, we provide in Figure 1 NIntegrate::"slwcon":
1 The prescribed solution from the error message did not alleviate the problem.
"Numerical integration converging too slowly; suspect one of the following: singularity, value of the integration being 0, oscillatory integrand, or insufficient WorkingPrecision. If your integrand is oscillatory, try using the option Method->Oscillatory in NIntegrate."
We note that Geman and Eydeland (1995) do not recommend their algorithm if with low volatilities and short maturities yield the same conclusion, although the Euler method seems to be able to handle these cases slightly better than the others. In contrast, the Turnbull and Wakeman (1991) approximation works the best in this regime, as larger biases are reported for higher volatility. Monte Carlo methods are also more efficient in these regimes, as indicated by the lower standard errors. In summary,
for numerical inversion we recommend from the perspectives of speed and accuracy the Euler inversion method, which is rapidly convergent to four significant digits of accuracy at the recommended parameter settings. The PW algorithm is recommended as a check for those cases where it is suspected that numerical difficulties due to a slowly decaying integrand may arise.
A Comparison of Simulated and Analytical Continuous Asian Call Option Valuations
Simulation is an effective and simple tool for valuation that is readily applicable to the problem of valuing some of the most complicated contracts in some of the most complex contexts. In contrast to analytical approaches, simulation methods can easily accommodate complex formulations of volatility dependence on the current state or even formulations that make volatility specifications path dependent. As a result, it is a method that is heavily relied upon by researchers and practitioners seeking option value solutions for models that are econometrically better specified. On the other hand, simulation can be computationally intensive compared to methods such as numerical inversion, so it is important to investigate mechanisms for decreasing the costs of and increasing the accuracy of simulation.
For simple European option contracts, Boyle (1977) For the purpose of simulating the continuous-time stock price motion under the geometric Brownian motion model, the time interval was partitioned into days, and the days were partitioned further uniformly into 1, 10, 100, 1000 or 10,000 readings per day. The number of replications of sample paths was 1000, 10000, 100000 or a million replications. For the generation of the path we used a straight update of the stock price given by
where the random variables t+h were drawn from a standard normal distribution.
We now present some results, shown in Table 5 , where the continuous geometric Asian option is used as a control variate for estimating the continuous arithmetic Asian option. From top to bottom, the number of daily readings increases by multiples of 10 from 1 to 1000, but the number of replications is kept fixed at 10,000, and so the width of the confidence band remains approximately the same. As may be observed from this and m stock prices in the average, respectively. In Table 6 , the entries "Biased CV Value" and "Unbiased CV Value" again represent the estimates with the continuous (biased) and discrete (unbiased) control variates, respectively. A three-point Richardson extrapolation expression for the option price p is given by the following:
Similarly, if we denote the option price using m/2 stock prices in the average p 1 and the one using m prices p 2 , then the two-point Richardson extrapolation is given by the following:
The two columns "2-pt Extrap" and "3-pt Extrap" in Table 6 present the corresponding extrapolated results for the continuous Asian option prices. In all cases, the extrapolated values improve upon the original (Unbiased CV Value) estimate and the three-point extrapolation is always better than the two-point version. For this limited set of cases, the biased control variate estimator outperforms the three-point extrapolation estimate most of the times (19 out of 25), but a more comprehensive set of cases would need to be tested to be more conclusive.
A Comparison of Biased and Unbiased Control Variates for the Geometric Asian Option
The geometric Asian option -both the discrete and continuous versions -can be accurately priced analytically and by simulation. The option is also path dependent, and in the continuous case the dependence is on the entire continuous, nowhere differentiable, path of Brownian motion. It therefore provides us with an interesting case on which to fine tune our simulation techniques.
In the previous section, we have seen that biased control variates appear to have To address the issue of the possible performance enhancement associated with the use of a biased control variate, we simulated geometric Asian option prices for the five strike levels with r = .09, σ = .2, S = 100 and T = .4 using 10,000 replications with the number of partitions of the maturity, i.e., total number of stock price readings in the discrete average, set at 5, 10, 15, 20 and 25, and employing both biased and unbiased control variates. The number of partitions is intentionally kept on the low side, as our goal is not to approximate the continuous case, but rather to assess how well the biased control variate performs in correcting a relatively discrete situation.
The control variate was as usual the price of a geometric Asian option with the same maturity and number of partitions. However, we cannot have a control that exactly matches the contract being priced. We note that in the case of the arithmetic Asian contract, the control is biased by being the price of a geometric contract. We observe from the rows for 25 stock price readings that using the biased control variate, for both values of the control volatilities, consistently and accurately estimates the continuous geometric Asian option price, while the use of an unbiased control variate provides a consistent and accurate estimate of the discrete geometric Asian option price. The same observation can be made in the case of only 5 readings of stock prices prior to the expiration date with a slight reduction in accuracy. As noted in the headings of Table 7 , the standard errors of the reported estimates with these control variates were all below .0035. The simulations took 4 CPU seconds for 5 readings and 11 seconds for 25 readings using 10000 replications.
These results confirm our conjecture that control variates can have a dual role in simulation. The first is variance reduction, but secondly, as observed here in two cases, if the object of interest is the continuous limit, then the discretization bias inherent in simulation may be corrected by the judicious choice of similarly biased control variates.
Here of course we have the benefit of knowing the analytical answer and can easily assess whether a proposed biased control is correctly and fruitfully biased. In more general and complex applied contexts, the nature and usefulness of the bias could be assessed by a fine simulation of sample paths with a large number of readings per day, but then once this has been done, in operation one could cut the cost of simulation by taking a cruder path simulation and employing the biased control variate.
A Double Laplace Transform for the Continuous Asian Option
For the continuous Asian option, we derive in this section the double Laplace transform of the call option price in both its strike and its maturity. This is done by relating in general the Laplace transform of the call price in the strike to the Laplace transform of the density of the average price on which the call is written. We next obtain the transform in maturity of this transform of the density. The two results are put together to obtain the double Laplace transform.
Consider first the transform in strike of a call option written on a general real valued random variable A. In particular, suppose we have a call option maturing at time T , on a real valued random variable A, that pays at T the excess of A over a pre-specified strike of K. For a standard European call option on a stock, A is the price of a stock at the maturity T . In the case of the continuous Asian option A is the integral of the stock price from time 0 to time T , divided by T . Further suppose that risk free investment at the constant continuously compounded interest rate of r per unit time is available and let the risk neutral measure Q be the one associated with discounting by the money market accumulation factor e rt .
Further we suppose that the risk neutral density, or the density of A under the measure Q at time t is well defined and is f t,T (a), with the Laplace transform given by
Let c t,T (K) be the price at t of a call option on A maturing at T , with strike K. It follows from martingale theory pricing principles, that
Define the Laplace transform in K of the call option price by
The double Laplace transform of the continuous Asian call option price is based on first generally relating ψ t,T (λ) of equation (6) to φ t,T (λ) of equation (8) . We then develop an expression for the transform in T of ψ t,T (λ) and hence obtain the double Laplace transform.
Theorem 1 Relationship between the Density and Call Price Transforms The Laplace transform of the call option price in the strike price φ t,T (λ) is related to the Laplace transform of the risk neutral density ψ t,T (λ) by
φ t,T (λ) = e −r(T −t) E t,T [A]λ + ψ t,T (λ) − 1 λ 2 ,(9)
where E t,T [A] is the mean of the density f t,T (a).
Proof. From equation (7) we may write
where F t,T (a) is the distribution function associated with the density f t,T (a). Evaluating the first integral in (10) by parts we have that
which yields on evaluation of the first part that
Premultiplying (11) by e −r(T −t) and rearranging we observe from (10) and (11) that
From the definition of φ t,T (λ) in (8) it follows that,
Integrating (12) by parts we have that,
On evaluation of the first term in the square bracket we obtain that
Performing the integration in (13) by parts we obtain
Evaluating (14) using the definition of ψ t,T (λ) and substituting back into (14) we get
Equation (9) provides us with a useful relationship between call option prices and the density of the underlying risk. For many stochastic processes with independent and identically distributed increments, the density is not available in analytical form, but the Laplace transform is known. Equation (9) can be used to obtain option prices in cases where the stock price motion is given by these processes. Our application here uses (9) by first developing an expression for the Laplace transform of the density of the integral of a geometric Brownian motion.
Suppose now that the stock price process under the risk neutral measure is given by a geometric Brownian motion. Let S(t) be the stock price at time t and b(t) be standard Brownian motion. We suppose that S(t) satisfies the stochastic differential equation
dS(t) = rS(t)dt + σS(t)db(t),
with solution given by
S(t) = S(0)e rt+σb(t)−σ 2 t/2 .
Consider now a continuous Asian option written on this underlying stock at time 0, that matures at time T , with a strike price of K. Let the price process of the Asian option be represented by w(t). The payoff of the option at maturity, or equivalently w(T ), is given by
where a(t) = A(t)/t = t 0 S(u)du/t. The Laplace transform of a(T ) at t is given by
To obtain the double Laplace transform of the continuous Asian option call price we obtain the transform in T of ψ t,T (λ) and then use (9) to transform φ t,T (λ) in T as well.
We first reduce (16) in terms of the remaining uncertainty at time t. Note that,
−(λ/T )A(t)−(λ/T )(A(T )−A(t))
= e
Define the Laplace transform of the remaining uncertainty by
then by (17) we may write that
Φ(t, λ/T, T ).
In developing an expression for the Laplace transform for the remaining uncertainty we note the similarity of (18) to the pricing of pure discount bonds. Indeed the expression for Φ(t, λ, T ) is precisely the price of a pure discount bond if the interest rate process is taken to be λS(t). We therefore solve for Φ following the methods of Cox,
Ingersoll and Ross (1985), noting that S(t) in the exponent of (18) is a homogeneous
Markov process. It follows from Cox, Ingersoll and Ross (1985) and the stochastic differential equation (15) that,
Φ(t, λ, T ) = Ψ(t, S, T, λ),
where S(t) = S, and Ψ satisfies the partial differential equation
subject to the boundary condition
Theorem 2 The Maturity Transform of the Remaining Uncertainty The solution to the partial differential equation (20) subject to the boundary condition (21) is given by
where the Laplace transform of U(x, τ, λ) in the maturity τ is given by W (S, λ, v) defined as
for α 1 and α 2 satisfying,
generalized hypergeometric function (see Erdélyi, et. al. 1953 ).
Proof. As the underlying process is a homogeneous Markov process, the function Ψ depends only on the time difference (T − t). Consider a solution for Ψ in the form of (22). The partial differential equation (20) in Ψ may be written in terms of U as
with boundary condition U(S, 0, λ) = 1. Premultiplying the partial differential equation in U, (24) by e −vτ and integrating we obtain, on employing the boundary condition for U, the ordinary differential equation in W , the Laplace transform of U, as
For boundary conditions, note that when S = 0, by construction U(0, τ, λ) = 1 and
and hence that
Consider a solution for (25) of the form
The differential equation (25) in W can be expressed in terms of L as
The boundary conditions for L are obtained from those for W and are
. Equation (27) is solved for the function L by the method of analytic coefficients in the Appendix, and has the solution
Equation (23) identifies the Laplace transform in maturity of the integral of geomet-
ric Brownian motion, given by (18) and (19) as a particular generalized hypergeometric function that has a convergent series representation valid over the whole complex plane.
For the purposes of inversion it is useful to employ an integral representation of the generalized hypergeometric function given in Erdélyi (1937) . This representation is
where I ν (w) is the Bessel function of imaginary argument and Γ(x) is the gamma function. In this representation one must ensure that Re(a) < Re(b 1 ). For our particular case of a = 1,
The specific values of α 1 and α 2 are
and the condition that Re(a) < Re(b 1 ) is met by always choosing α 1 to be the root with the negative real part. Let C(K, T, S, r, σ) be the price of a call option on the integral
with a strike of K and a maturity of T , for an initial stock price of S when the interest rate is r and the volatility on the stock is σ. Define the double Laplace transform of
Theorem 3 The Continuous Asian Call Double Laplace Transform
The double Laplace transform of the continuous Asian call option,
where α 1 and α 2 are
Proof. Let ψ 0,T (λ) be the Laplace transform of the integral of the stock price over
then by Theorem 1, the Laplace transform of the call option price C(K, T, S, r, σ)
By direct evaluation we note that
Substitution of (33) into (32) yields
The double Laplace transform is obtained on transforming (34) in T to get
Since ψ 0,T (λ) is by equations (31), (29) and (18) 
Conclusion
We investigated the problem of pricing continuous Asian options using numerical in- In terms of Monte Carlo simulation, in addition to finding that the pricing performance of simulation is considerably enhanced by the judicious choice of control variates, we observe that if the continuous Asian option price is sought, then there is an advantage to using suitably biased control variates that correct for the discretization bias inherent in simulation. An example of such a biased control is the simulated daily geometric Asian option price corrected by not its theoretical daily geometric theoretical option price but the price of a continuous geometric option price. Hence we observe that control variates can play a dual role of variance reduction and when suitably constructed, of bias correction. Our findings raise questions for future research into the design of appropriately biased control variates for particular classes of problems. 
